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SUMMARY

In the past, when either the perturbation-type method or direct-simulation approach was used to analyse
capillary jets, the governing equations, which are parabolic in time and elliptic in space, were simpli�ed
or linearized. In the present study, the convective derivative term and a full, nonlinear form of the
capillary pressure term are retained in the governing equations to investigate nonlinear e�ects on the
break-up of capillary jets. In this work, the TVD (i.e. total variation diminishing) scheme with �ux-
vector splitting is applied to obtain the solutions of the system of nonlinear equations in a matrix form.
Numerical results show that the present nonlinear model predicts longer jet break-up lengths and slower
growth rates for capillary jets than the previous linear model does. Comparing with other measurements
from past literatures, the nonlinear results are consistent with the experimental data and appear more
accurate than the linear analysis. In the past, the classic perturbation-type analyses assumed constant
growth rates for the fundamental and all harmonic components. By contrast, the present model is able
to capture the local features of growth rates, which are not spatially and temporally constant. Copyright
? 2006 John Wiley & Sons, Ltd.
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1. INTRODUCTION

An understanding of the liquid jet break-up process is of vital importance in the design of
many practical devices such as internal engine combustors [1, 2], gas turbines [3], liquid rocket
engines [4], and MEMS ejectors [5–7]. Applications for the capillary jet break-up range from
ink jet printing to drug delivery systems [5–7]. In ink jet printing, a capillary jet is ejected
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to produce small drops, which are often accompanied by satellite drops. The appearance of
satellite drops during the jet break-up process may result in print quality defects; therefore,
the issue of the capillary jet break-up still demands much attention.
Although the investigation of nonlinear e�ects on the jet break-up is critical to understand

the occurrence of satellite drops, previous studies [8–13] still utilized the linear
instability analysis by neglecting the convective derivative term in the momentum equation
due to the nonlinear complexity involved in the governing equations. In these linear analyses,
only the fundamental mode was considered and its growth rate was assumed to be constant.
In fact, the existence of harmonic modes other than the fundamental can be inferred from the
observation [14] that capillary jets do not break up into mono-size droplets, as the linear
theory would suggest.
Therefore, several studies, including perturbation-type analyses [15–18] and direct-

simulation models [19–27], preserved the convective derivative term to deal with the
nonlinear temporal instability. However, in the category of the perturbation type, their
analyses [15–18] retained only the �rst few harmonics in the perturbation expansions where
the wave growth rate was still assumed to be a constant of time. In the category of
direct methods, the one-dimensional models [19, 20] also utilized the expansion technique to
simplify the computational procedure. Lee [19] applied the Lax–Wendro� method to the PDE
for numerical solutions in which the Taylor expansion was approximated only to the second-
order time step. Similarly, in Torpey’s approach [20], the formation of satellite drops was
considered as a function of the amplitude of the secondary harmonic because the third and
higher harmonics were neglected. Other direct simulations [21–27] circumvented the numer-
ical di�culties through linearization of the highly nonlinear capillary pressure term. The
full capillary pressure term, which does a�ect the satellite drop formation, should not be
simpli�ed.
Although a full nonlinear transient Navier–Stokes system for the dynamics of drop forma-

tion was recently solved in two dimensions by Wilkes et al. [28], algorithms for obtaining
accurate solutions of the two-dimensional equations were computationally intensive due to the
required small time steps and �ne grids across the entire jet and interface. Ambravaneswaran
et al. [29] remarked that one-dimensional models indeed hold certain advantages over their
two-dimensional counterparts, in terms often of both programming e�orts and computational
time. Especially, it is questionable to immediately utilize the two-dimensional solutions to
obtain the jet break-up length. On the other hand, it should be noticed that all the one- or
two-dimensional analyses mentioned above focused only on the formation of main and satel-
lite drops but reported no information of the jet break-up length and the growth rates of
disturbances on the jet surface.
Therefore, in this article, a one-dimensional system is adopted to study the instability and

break-up of capillary jets. In the governing equations, the convective derivative term and
the capillary pressure term in its full form are included to preserve all aspects of non-
linear nature. The equations in a matrix form, which are parabolic in time and elliptic
in space, will be solved by a TVD upwind scheme with �ux-vector splitting [30]. Mean-
while, the predictions for the jet break-up length and the wave growth rate are emphasized
in this study. For a validation of the present model, various experimental cases of Grant and
Middleman [31] will be simulated and compared for the jet break-up lengths. For a
further comparison, the local wave growth rates predicted by the present model are
averaged to compare with the linear solutions of Rayleigh [8] and experimental data of
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Donnely and Glaberson [32] though they should not be spatially and temporally constant.
The comparison results show that the nonlinear solutions for the break-up length and wave
growth rate are basically in agreement with the measurements. The nonlinear model predicts
longer break-up lengths and lower growth rates than the linear theory does.

2. GOVERNING EQUATIONS

One-dimensional study indeed holds advantages of large savings in programming and computa-
tional time. Therefore, the present paper adopts a one-dimensional model with the assumption
of plug jet velocity pro�le to study the instability and break-up of a capillary jet, as shown in
Figure 1. The present study is an application of the TVD scheme to the capillary jet break-
up. One of main objectives of the article concerns whether the TVD scheme may handle the
�ux-splitting phenomenon appearing inside the jet thread during the break-up process. There-
fore, liquid viscosity and gravity were neglected for the study to facilitate the analysis of the
TVD scheme. In the model, it was assumed that the e�ects of turbulence, cavitation, velocity
pro�le, relaxation, and helical and Kelvin–Helmholtz instabilities played no role, so that only
the capillary instability appeared in the break-up process. The model also considered the
capillary jet as an in�nitely long cylinder without the aerodynamic e�ects of ambient air. The
liquid jet was assumed to be stationary relative to a moving observer. Thus, when the jet is
initially at rest to be perturbed by an in�nitesimal sinusoidal disturbance, the transient motion
of inviscid liquid will be governed by the following continuity and momentum equations:
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where uz and ur represent the axial and radial perturbation velocities, respectively, � is liquid
density, and p is the perturbation pressure.

Figure 1. Unstable disturbances growing on the surface of a capillary jet.
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By integrating Equations (1) and (2) with respect to r from the jet centreline to the jet
interface, the equations become
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where h is the local jet radius h= a+�; a and � denote the radius of the capillary tube and the
local amplitude of the growing disturbance on the jet surface, respectively. At the interface, �
is essentially the interfacial displacement function of t and z, and the radial velocity ur should
be equal to the total derivative of the �(t; z). Therefore, the relationship between the radial
and axial velocities can be related to the local jet radius:
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Substituting Equation (5) into Equations (3) and (4), the equations [25] become
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Owing to surface tension � involved in the interfacial equilibrium for the capillary jet,
the pressure p should balance with the capillary pressure p� [25, 33]. The �rst term on the
right-hand side of Equation (8) is a destabilizing source, which results in the necking process
and leads to the satellite drop formation. On the other hand, the second term in Equation (8)
is a stabilizing source and always induces a restoring force.

3. NUMERICAL METHOD

To facilitate the analysis, Equations (6) and (7) are expressed in dimensionless form as
follows:
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where dimensionless time T = t=
√

�a3=� and dimensionless axial coordinate Z = z=a. The
variables appearing in Equations (9) and (10) are dimensionless groups: r̃=(h=a)2 =H 2,
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ṽ= uzh2
√

�=�a3, and R̃1 and R̃2 are mutually orthogonal principal radii of curvature of the jet
surface in dimensionless form:
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Furthermore, Equations (9) and (10) can be written in a matrix form as:
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where
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The capillary term in its full form in Equations (10)–(12) was treated as a source term s̃
for the matrix system and no curve �tting was used during the whole computation. A TVD
upwind scheme with �ux-vector splitting [30] was used to solve Equation (13). In the TVD
scheme, the �ux-vector E may be expressed directly in terms of its Jacobian A as E=AG.
Note that A is the Jacobian with respect to r̃ and ṽ. Thus, we can split the �ux-vector into
two parts:

E+ =
(A+ |A|)

2
G (17)
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2
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where |A|=M |�|M−1, |�| is a diagonal matrix with absolute eigenvalues of A, and M−1

is an inverse of the matrix M which diagonalizes A. Hence, Equation (13) can now be
written as
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Moreover, the equation can be rewritten in �nite-di�erence form as
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where �T =(Tk+1 − Tk),  =(Tk+1 − Tk)=(Zi+(1=2) − Zi−(1=2)), and a numerical �ux function
is introduced and de�ned as follows:

Ei−(1=2) = 1
2 [A(Gi +Gi−1)]− 1

2 |A|[Gi − Gi−1] (21)

4. BOUNDARY AND INITIAL CONDITIONS

In the numerical computation, the disturbance wavelength � was taken as a computational
domain for a given dimensionless wavenumber, K =2�a=�. The boundaries at the right and
left ends of this one-dimensional computational domain were prescribed with periodicity. In
other words, the calculation �eld was kept �xed over one wavelength with cyclic boundary
conditions. This is the feature of a standing wave for which the coordinate is moving with
the jet velocity as assumed previously. As a result, spatially periodic contracting and bulging
on the jet surface are developing with time marching. Initially, the local jet radius along the
z-axis direction at T =0 can be expressed in dimensionless form as

h= �0 · cos(kz) + a (22)

where k is the wavenumber and �0 is the initial amplitude. Since the system is initially at
rest, the velocity is zero over the whole �ow �eld at T =0. Once the axisymmetric sinusoidal
disturbance is imposed on the jet surface, the curvature of the wave pro�le will induce a
capillary force to initiate the �ow motion.
The dependent variables were solved through the Equations (13)–(21) with the boundary

and initial conditions mentioned above. A uniform one-dimensional grid system was adopted
for all computations. For the grid system, 50 computational cells were used for most cases
while a 100-cell grid system was employed for some cases of dimensionless wavenumber K
close to zero or one due to small growth rates or necessary resolutions for tiny satellites. In
order to avoid numerical instability, the step sizes of time marching were limited to 5% of
the quotient of the grid size divided by the characteristic velocity.

5. DROP FORMATION

The linear instability theory [8] shows that the cut-o� dimensionless wavenumber is always
one for the capillary jet. In other words, when K is greater than one, the second term of the
capillary pressure in Equation (8) is a stabilizing source and will induce a restoring force.
As a result, the initial disturbance wave decays with time and the jet surface will eventually
restore to the originally undisturbed position. In order to simulate the surface wave evolution
and drop formation of an unstable jet in the break-up process, the value of K less than one
should be selected.
According to the linear theory, solutions of the dispersion relation providing the maximum

growth rate correspond to a value of the dimensionless wavenumber K approximately equal to
0.7. Therefore, the most unstable jet, perturbed at K =0:7, was �rst simulated for the evolution
in time of the jet surface wave. The �ow conditions for the experimental cases of Rutland
and Jameson [14] were adopted similar to the present test conditions. Figure 2 indicates that
the growth of the disturbance wave on the perturbed jet surface is not signi�cant at the early
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Figure 2. Wave pro�le on the jet surface for K =0:7 at T =3:57.
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Figure 3. Wave pro�le on the jet surface for K =0:7 at T =10:28.
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Figure 4. Wave pro�le on the jet surface for K =0:7 at T =13:05.

stage of T =3:57. The results in Figures 3 and 4 show that a neck gradually forms at the
trough position and the trough contracts at a faster rate than the swell grows from T =10:28 to
13.05. This phenomenon gives evidence that the wave growth rate is not constant spatially and
temporally. Figure 5 shows that the jet is about to disintegrate at T =15:47. From Figure 5,
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Figure 5. Formation of main and satellite drops before the jet break-up for K =0:7 at T =15:47.
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Figure 6. Formation of main and satellite drops before the jet break-up for K =0:9 at T =18:67.

it can be seen that as soon as the jet surfaces at two ends of the slender neck touch the
centreline, the swell portions will become main drops and the neck will turn into a satellite
drop in between at the trough position.
The evolution pro�les of the jet surface wave can be further demonstrated by the cases of

K =0:9 and 0.3, as shown in Figures 6 and 7. Figure 6 shows the wave pro�le for K =0:9
just before the jet break-up at T =18:67. Comparing to the case of K =0:7, the trough still
contracts faster than the swell grows, but the slender neck becomes shorter to form a smaller
satellite drop due to the short wavelength of K =0:9. It is obvious that the case of K =0:9
takes longer to break up because the disturbance wave of K =0:7 grows at the fastest rate
according to the linear analysis.
For the case of K =0:3, where the disturbance possesses a relatively long wavelength, the

trough contracts at a slower rate than the swell grows, and eventually produces a relatively
large satellite drop, as shown in Figure 7. This phenomenon is contrary to the cases of K =0:7
and 0.9 with relatively short wavelengths. From Figures 5–7, it can be observed that the size
of satellite drop is basically smaller than that of main drop in the break-up process. However,
the size of satellite drop increases with increasing the disturbance wavelength and gradually
becomes comparable to that of main drop.
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Figure 7. Formation of main and satellite drops before the jet break-up for K =0:3 at T =27:18.

6. JET SHAPE AND BREAK-UP LENGTH

The axisymmetric disturbance of K¡1 will exponentially grow and propagate along the �ow
direction to disintegrate the jet when the amplitude becomes comparable to the undisturbed jet
radius. To simulate such a jet shape, a water cylinder of diameter d=0:4mm, issuing from a
nozzle at a velocity of U =1:5m=s, was �rst considered for K =0:33, 0.48, 0.6, 0.7, 0.8, and
0.9. During the computations, the evolution of the wave pro�le was traced and plotted along
the jet surface according to �ow velocity. It can be seen in Figure 8 that the wave pro�les
on the jet surface are not signi�cant in the upstream region, but a satellite drop forms at the
jet tail. Similar to the results in Figures 5–7, the size of satellite drop is comparable to that
of main drop for the case of K =0:33. On the contrary, the satellite drop becomes smaller
as the disturbance wavelength decreases. In Figure 8, the jet of K =0:7 exhibits the shortest
length owing to its characteristics of the fastest growth.
Rutland and Jameson [34] observed the jet shape using a series of water jets perturbed

at various wavenumbers from K =0:075 to 0.683. In the present study, two of their cases
(i.e. K =0:25 and 0.683) were simulated and shown in Figure 9. Again, the size of satellite
drop is comparable to that of main drop for the long-wavelength case of K =0:25. By contrast,
the jet of K =0:683 exhibits a much shorter length and produces relatively smaller drops. The
present predicted jet shapes and lengths of K =0:25 and 0.683 are in good agreement with
the photographs of Rutland and Jameson [34] in the literature. The only di�erence is that in
the photographs [34] several main and satellite drops, which are separate in space, can be
observed beyond the jet tail. The present simulations in Figure 9 were performed only up to
the jet disintegration location where the jet surface contracts to touch the centreline.
A value for the continuous length L of the jet prior to break-up is termed ‘break-up length’.

In describing jet instability, one usually refers to the behaviour of the break-up length as a
function of the jet velocity. The break-up length of a liquid jet in a Rayleigh regime can
be obtained from the relation L=Ut. The linear relationship is reasonably well described
by Weber’s analysis [9] for the break-up of a laminar Newtonian jet under the in�uence of
surface tension forces alone. According to Weber’s theory, the jet is assumed to be subject
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Figure 8. Calculated jet shapes of a jet perturbed at various wavenumbers.

Figure 9. Numerical simulations of the experimental cases of Rutland and Jameson [34].

to a spectrum of disturbance of the Fourier form, but to su�er disruption under the action of
the disturbance with the largest growth rate. Figure 10 shows the present predictions of water
jets of d=0:4mm issuing at various jet velocities, namely U =1:25, 1.37, 1.50, 1.57, and
1:72m=s. In the analysis, these jets were assumed to be perturbed by a disturbance of K =0:7,
which should grow the fastest. From Figure 10, it can be clearly seen that the changes of
the velocity apparently do not a�ect the sizes of main and satellite drops. The results show
that the break-up length increases with the jet velocity, and the relationship between them is
basically linear.
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Figure 10. Numerical simulations of water jets issuing at various velocities.

Figure 11. Numerical simulations of water jets issuing from various nozzles.

Besides the velocity, the jet diameter is also an essential factor to a�ect the jet behaviour.
Figure 11 shows the e�ects of the diameter on drop size and break-up length using the case
of U =1:5m=s in Figure 10, but with three di�erent diameters of d=0:31, 0.40, 0.62mm.
It is obvious that the larger the jet diameter is, the bigger the drops are produced, as shown
in Figure 11. Meanwhile, the break-up length also increases nonlinearly with increasing the
diameter size of the jet. Furthermore, the values of L=d for the cases of d=0:31, 0.40,
0.62mm (i.e. 45.56, 53.04, and 66.50, respectively) are nonlinearly proportional to the Weber
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Figure 12. Variations of normalized break-up length with Weber number.

numbers of these cases (i.e. 9.795, 12.64, and 19.59, respectively). Note that the de�nition of
the Weber number is We=�dU 2=�.
Among a spectrum of disturbance, the most unstable wave corresponding to K =0:7 should

�rst satis�es the break-up condition. Figure 12 shows that the present prediction for the break-
up lengths of capillary jets subjected to a disturbance of K =0:7 was compared to experimental
work of Grant and Middleman [31], which is an empirical correlation of �ve di�erent liquid
jets with a variety of diameters. The linear theory of Levich [33] was also applied to predict
the jet break-up length. As shown in Figure 12, the curve of the present prediction appears
nonlinear in the range of Weber number from 0 to 40 while it becomes approximately linear
for higher Weber numbers. Note that the nonlinear behaviour of the break-up length for lower
Weber numbers is similar to the results of the cases in Figure 11. The prediction of the linear
theory of Levich [33] exhibits the similar behaviour along the curve, but it is underestimated.
Based on the same �ow conditions, the curve predicted by the present nonlinear model shows
a better agreement with the measurements than the linear analysis. The reason for this may
be that the present simulation can account for the existence of all harmonics and their growth
variations.

7. GROWTH RATE OF SURFACE WAVE

The variations of logarithmic value of the wave amplitude predicted by the linear theory of
Rayleigh [8] and the nonlinear theory of Yuen [15] were linear with time. In other words, the
wave growth rates for the fundamental and harmonics modes were all assumed to be constant
in their analyses. In fact, it has been observed by Goedde and Yuen [35] that for an actual
liquid jet the surface growth at each location along the wavelength is di�erent and varies with
time. Goedde and Yuen [35] also plotted the logarithmic value of the di�erence between the
amplitude at the swell and that at the neck, and then used the linear region on the curve to
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Figure 13. Variations of local growth rate with time.

describe the growth rate. Later, Ashgriz and Mashayek [36] utilized the similar time-averaging
process to examine the temporal growth of the disturbances on viscous jet surface. However,
it should be pointed out that a single, time-averaging growth rate does not properly describe
the actual behaviour of the jet.
Therefore, a formulation for the instantaneous growth rate at any location along the wave-

length is proposed in the present study as follows:

Ai=
ln(�K+1

i =�K
i )

TK+1 − TK (23)

where �i is the dimensionless amplitude of the disturbance at t he location i along the wave-
length and Ai represents the instantaneous, local growth rate. Figure 13 presents the variations
of the local growth rates at the swell and neck points with time for the disturbance of K =0:7.
For this case, the growth rates at both locations increase quickly from T =0 to 10, and then
they keeps almost constant until the jet is about to break up. It is interesting that the
experimental work of Goedde and Yuen [35] showed the similar results. They reported that
the logarithmic value of the di�erence between the amplitude at the swell and that at the
neck varies linearly except close to the break-up time. As seen in Figure 13, the present
analysis demonstrates that the growth rate of the swell increases suddenly and rapidly, but,
on the contrary, the neck stops to grow just before main and satellite drops are detached from
the jet.
In order to compare the present results with other data in the previous literatures, an

average value of the constant regions on the curves in Figure 13 was adopted to represent the
global growth rate of the disturbance, even though it is not proper to describe the instability
of the jet with an average growth rate. Figure 14 shows the global growth rate A as a
function of wavenumber K ; for the comparison, the experimental results of Donnely and
Glaberson [32] and the linear solutions of Rayleigh [8] are also shown. These results show
that for the long waves (K¡1) the growth rate is positive, and hence the long waves can grow;
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Figure 14. Variations of global growth rate with wavenumber.

for the short waves (K¿1), the growth rate is zero, and therefore the shore waves do not
grow. As shown in Figure 14, the present nonlinear model predicts slightly lower growth rates
than those obtained from the dispersion equation of Rayleigh [8] though both predictions are
in agreement with the measurements. For K¿0:6, the present nonlinear predictions basically
agree better with the measurements than the solutions of the linear theory do.

8. CONCLUSIONS

Major conclusions of the present study can be summarized as follows.

1. The sizes of main and satellite drops produced from capillary jets basically increase
with increasing disturbance wavelength or nozzle diameter. The change of jet velocity
apparently does not a�ect the sizes of the drops as long as the nozzle diameter keeps
the same and the jet is perturbed at a �xed wavenumber.

2. The present results show that break-up length increases nonlinearly with increasing nozzle
diameter. The results also con�rm the Weber’s linear relationship [9] between break-up
length and jet velocity. However, when the break-up length is normalized by the nozzle
diameter, the normalized break-up length appears nonlinear for low Weber numbers, and
it gradually becomes linear as the Weber number increases.

3. In the comparison study, both linear and nonlinear predictions for break-up length are
consistent with the distribution of experimental data, but the linear solutions are slightly
underestimated. The reason for this may be attributed to the fact that the linear theory
applies only the fundamental with a constant growth rate, but the present nonlinear
simulation can account for the existence of all harmonics and their growth variations.
However, a further study to validate this attribution is needed.
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4. The global growth rates predicted by the present nonlinear model are slightly lower than
those obtained from the dispersion equation of the linear theory. It is coincidental that
a slower growth rate gives a longer jet break-up length. In fact, a single value of the
global growth rate should not be used to describe the nonlinear behaviour of the jet. In
the present study, local growth rates are computed, and the results show that the local
growth rates for the swell and the neck increase with time at the early stage, and then
they keep almost unvarying until the break-up occurs. Therefore, it is evident that the
disturbance growth indeed varies temporarily though the wave grows steadily most of
time.

5. The present computations show that the trough contracts at a slower rate than the swell
grows for the case of long wavelength (e.g. K =0:3). By contrast, the trough contracts
at a faster rate than the swell grows for the case of short wavelength (e.g. K =0:7 and
0.9). This phenomenon implies that the growth rate is also not constant in space so that
local growth rates along the wavelength should be emphasized in the instability analysis
of a capillary jet.
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